
VOL. 10, NO. 5, SEPT.-OCT. 1987 J. GUIDANCE 441

Accelerometer Placement in Active Flutter
Suppression Systems

Bradley S. Liebst*
University of Minnesota, Minneapolis, Minnesota

An elementary study of the placement of accelerometers when used as sensors in active flutter suppression
systems is presented, The model analyzed is a two-dimensional typical section with various combinations of
leading- and trailing-edge controllers. The relationship between the control surf ace placement and accelerometer
placement is examined. The results for the numerical examples presented show that accelerometers must be on
the same side of the center of gravity as the control surface or right half-plane transmission zeros will arise. The
detrimental effects of the right half-plane zeros are discussed in the context of linear-quadratic-regulator plus
loop-transfer-recovered observer designs.
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Nomenclature
distance elastic axis is aft of the midchord,
nondimensionalized by b
state matrix, see Eq. (5)
sernichord of section, c/2
control influence matrix, see Eq. (5)
chord of section
measurement matrix, see Eq. (6)
distance leading-edge controller ningeline is aft of the
midchord, nondimensionalized by b
distance trailing-edge controller hingeline is aft of the
midchord, nondimehsionalized by b
downward displacement of elastic axis
downward displacement of accelerometer position
identity matrix
moment of inertia per unit length of section
about the elastic axis

•- regulator gain matrix
= stiffness of section in deflection
= torsional stiffness of section about elastic axis
= distance accelerometer is aft of elastic axis,
nondimensionalized by b

•- observer gain matrix
'•• lift per unit span
= slope dL/da. — 2irpU2b
•• slope dL/dpL = 2(T10 -7r)pU2b
•- slope dL/dpT= 2Tw^pU2b
•- mass per unit length of section
= aerodynamic moment per unit span about elastic axis
= slope dM/da = 2irpb2U2(a + 1/2)
= slope dM/d$L = pb2U2[2aTw - T4 -2<n{a
•- slope dM/dpT - Pb2U2(2aTw

L
T - T4r)

•- system poles
= loop-transfer-recovery noise weighting parameter
= Laplace variable
= static moment of the wing per unit length
about elastic axis, = mxab
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T4 = control surface constant,
= — cos~1 CT L 4- CT L Y 1 — Cj.. L

TIQ = control surface constant,

u = control input commands vector, see Eq. (5)
U = airspeed
UF = flutter speed
WG = vertical wind gust
x = state vector, see Eq. (5)
xa = distance center of gravity is aft of elastic axis,

nondimensionalized by b
x = state estimate
y = accelerometer measurements vector, see Eq. (6)
y = measured vertical acceleration at accelerometer

position
z = system transmission zeros
a = angle of attack
j8L = deflection of leading-edge control surface
f$T = deflection of trailing-edge control surface
T = gust influence vector, see Eq. (5)
p = air density
a = minimum singular value
a = real pait of transfer function
T = break frequency for first-order actuator dynamics
co = radian frequency

Superscripts
~l = matrix inverse
T = matrix transpose
(*) = time derivative

Subscripts
T = trailing-edge control
L = leading-edge control

o Introduction

*VER the last 20 years, much has been written on the
design .and implementation of active flutter suppression

systems.1'11 Flight tests of flutter suppression systems were
flpwn as early as 1975.4 Active flutter control for transport
aircraft is discussed in Refs. 4 and 5. Moire recently, a good
deal of active flutter control research has been generated by
the DAST (Drones for Aerodynamic and Structural Testing)
program.6'11 Most flutter suppression systems rely on mov-
able aerodynamic surfaces (either leading- or trailing-edge) as
the control inputs and accelerometer readings at various posi
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tions on the wing as the measured outputs. The importance of
collocating sensors and actuators in control systems has been
demonstrated by several authors.12'13 Sensor/actuator colloca-
tion is important in flutter suppression systems as well. In the
course of the author's research on the DAST program, several
studies were conducted to determine optimum accelerometer
placement.11 These investigations invariably resulted in best
performance whenever accelerometers were placed at pr near
the control surface hingeHnes. This paper is an attempt to
theoretically justify this particular configuration in general.

Dowell and Horikawa14 and Edwards15 provide a great deal
of insight into the problem of active flutter control with
acceleration feedback by working with the two-dimensional
(2-D) typical section. The simplicity of the 2-D typical section
provides physical insight into the problem that is obscured by
the complicated multiple-degree-of-freedom models presented
in the analyses previously described. For this reason, the 2-D
typical section incorporating static aerodynamic theory and
both leading- and trailing-edge control surfaces, will be utilized
in the present analysis as well. References 14 and 15 examined
control systems utilizing measurements made at the elastic
axis only. As this study will show, the elastic axis is in fact
typically a poor location at which to place sensors, and proper
chordwise accelerometer positioning can result in significant
performance improvements.

A commonly utilized design procedure in modern multi-
input/multi-output flutter control systems is to couple full
state designs developed with linear-quadratic-regulator (LQR)
techniques5'8'9 with robust estimators developed using the
Doyle and Stein procedure8'16 [commonly referred to as loop-
transfer-recovery (LTR)]. All compensators in the present
study will be developed in this same manner.

Typical Section Model
Structural / Aerodynamics

The simplest structural/aerodynamic model is chosen to
help provide physical insight into the flutter suppression sys-
tem. Therefore, any conclusions reached are only qualitative
in nature. The biggest single limitation on the simple model is
the static aerodynamic theory, which will not be able to
account for compressibility effects and aerodynamic damping.

The typical section that will be analyzed is shown in Fig. 1.
The 2-D typical section is described in detail by Theodorsen.17

The linearized equations of motion with static aerodynamic
assumptions and the inclusion of a vertical gust WG are

(1)

mh La - - - Lp^L - ( LJU) wc

Actuator Dynamics
If one wishes to take into account control surface actuator

dynamics, the simplest model would be a first-order lag at
frequency r.

(3)

where u is the commanded control input.
Accelerometer Measurements

Consider the downward displacement ~h of an accelerometer
mounted aft of the elastic axis a distance *?Z>, then to first
order

and

If we have two accelerometers,

y2 = h + *?2&#

State-Space Model
One could of course recast the preceding into the first-order

form

x = Ax + Bu + Tw (5)

(6)

Control System Synthesis
The objective of any feedback control system is to provide

good disturbance rejection and stability in the face of uncer-
tainties present in the mathematical model of the physical
system. In the present analysis, the disturbance is the vertical
gust and the outputs are the various states. Flutter suppres-
sion systems will be examined that are designed in twp steps,
the first being to analyze the problem assuming all the states

Fig. 1 Diagram of typical section with leading- and trailing-edge
control surfaces.

U (ft/sec)
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• 750 (design condition)
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a) ope.n loop poles
j" .
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y = measured output = ~h = h + £ba (4)
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b) closed loop poles r- full state feedback

Fig. 2 Root locus of poles for varying velocity for trailing-edge
contrpl only.
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could be measured, and the second to design an observer that
takes the accelerometer measurements and reconstructs an
estimate of the state. In the first task, if the state can be
measured completely we propose to determine the feedback
gain matrix K, where u= -Kx, by LQR techniques. The
control weighting is chosen to be the identity matrix and the
state weighting the zero matrix. This "minimum control en-
ergy" weighting is known to move any open-loop poles in the
right half-plane to their mirror images in the left half-plane,
and leave all other poles unaltered.18

For simplicity, we will assume that the vertical gust is a zero
mean white noise with unity intensity (the actual intensity is
irrelevant since we wish only to show qualitative relationships
here). Thus, by solving the appropriate Lyapunov equations,
the rms responses for each of the states can be determined
from the closed-loop state equation

Table 1 Typical section properties

The second step in the control system synthesis is to design
an observer that utilizes the measurement vector y as its input
and outputs a state estimate x. The Kalman estimator is
described as

-Kx
where

The closed-loop equation for the full state regulator plus
observer system is then

-BK

From the preceding, we can get rms h, a, and /Ts. The LTR
procedure involves picking appropriate fictitious plant noise
intensity to achieve stability robustness. Doyle and Stein16

show that a robust Kalman estimator is obtained by adding a
fictitious noise qBBT directly to the control input of the plant
during the estimator design. For q = 0, the ordinary Kalman
estimator results. As q is increased, the estimator becomes
more robust; however, rms response increases. If the sensors
result in an output transfer function

(7)

that has no right half-plane transmission zeros (i.e., minimum
phase), the stability characteristics are guaranteed to approach
the full state feedback results. The theory dictates that as q is
increased, the filter poles tend to the zeros of the plant or to
infinity. In essence, the plant is being inverted. This explains
why nonminimum phase plants (or plants with right half-plane
zeros) may have stability robustness problems. The Kalman
estimator must be stable; consequently, any poles tending to
right half-plane zeros will go to mirror images in the left
half-plane instead, and robustness recovery is not guaranteed.
We will demonstrate that, in the example flutter suppression
system, proper placement of accelerometers will result in
minimum phase systems with good robustness and conversely,
that improper placement of the accelerometers results in right
half-plane zeros and subsequent degradation in system rms
performance and stability robustness. For the two control
cases, the combined regulator-observer system robustness will
be measured in terms of the minimum singular value of the
following return difference matrix:

(8)

In all numerical examples that follow, the filter gains L are
determined from Kalman filter theory with measurement noise
intensity equal to the identity matrix and plant noise intensity
equal to BBT.

Ka = 11,963 Ib/ft
m = 1.196 slug/ft
Sa = 0.239 slug
cL--0.6
p = 0.00238 slug/ft3

r = 200 rad/s

Ia = 1.196 slug-ft
a= -0.4

CT = 0.6
6 = 2 ft

accelerometer position
x/c

0 .1 .2 .3

-100 -50

Fig. 3 Root locus of zeros for various chordwise accelerometer place-
ments for trailing-edge control only.

Numerical Examples
The numerical results that follow are for the typical section

properties (taken from Ref. 15) shown in Table 1. The lead-
ing- and trailing-edge control surfaces span 20% of the 4-ft
chord at sea level.

The design condition for the flutter control laws will all be
at a velocity of 125% of the flutter velocity.
Case 1

In this section, the numerical results for a control sys-
tem based on a surface with a single trailing-edge control
and single accelerometer are presented. In this single-
input/single-output case, the characteristic equation for the
open-loop flutter poles is easily determined as

The equation for the zeros is

(9)

+ [ ̂ bMftTKh - MftTLa - LftT(Ka - MJ] z2 = 0 (10)

The open-loop root locus of Eq. (9) for varying velocity is
shown in Fig. 2a and the closed-loop full state feedback in
Fig. 2b. The flutter speed is at UF = 600 ft/s. Notice that the
right half-plane pole is flipped about the imaginary axis at the
design velocity. The root locus of Eq. (10) for various chord-
wise accelerometer placements and U— 1.25 £/F = 750 ft/s is
shown in Fig. 3. From Fig. 3 we see that, in this case, as the
accelerometer is moved from the leading edge rearward, the
zeros move from the real axis to the imaginary axis. Two
additional zeros at the origin are not shown in Fig. 3. Clearly,
positions near the leading edge result in right half -plane zeros,
and we might expect poor robustness recovery as a conse-
quence in our observer design. The locations near the control
surface hingeline have no right half-plane zeros, and we would
expect good robustness recovery. Note that, in this example,
the elastic axis is not a good candidate for sensor location
because of the right half-plane zero.

In this single-input/single-output case, there is a single
output transfer function, since the full state transfer function
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and the accelerometer feedback transfer function

are scalars. The stability robustness can be examined in classi-
cal terms from the Bode plots of these functions. Figure 4
presents the gain and phase plots of the full state and LTR
designs for the leading edge, elastic axis, and control surface
hinge accelerometer positions. It is clear that the positions
yielding right half-plane zeros do not achieve anywhere near
the degree of robustness recovery that the minimum phase
hinge position does. There is a significant degradation in rms
response as well as that shown in Table 2, which presents the
closed-loop rms a, 7z, and pT responses due to the white gust
noise described earlier.
Case 2

In this section, the numerical results for a control system
based on a surface with a single leading-edge control and a
single accelerometer are presented. The characteristic pole
equation is the same as Eq. (9), and the zeros equation is now

+ [ *2bMftLKh - MftLLa - LpL(Ka - MJ] z2 = 0 (11)

The root locus of Eq. (11) for various chordwise accelerometer
placements is the complement of that in Fig. 3. Once again,
minimum phase systems result when the accelerometers are
near the control surface hinge. Figure 5 is the Bode plots of
the full state and LTR designs for the control surface hinge,
elastic axis, and trailing-edge accelerometer positions. Again it
is clear that the trailing-edge accelerometer placement, which
is the only nonminimum phase system, does not recover the
loop transfer function very well, and should be avoided. Table
3 contains the rms gust response for these designs, and it is
once again evident that the nonminimum phase system rms is
worse than the minimum phase systems.

Case 3
In this section, the numerical results for a control system

based on a surface with both leading- and trailing-edge con-
trols, and two accelerometers are presented. The transmission
zeros are independent of the accelerometer locations. All

placements yield four zeros at the origin. The minimum singu-
lar value of the return difference matrix for this multi-
input/multi-output system is depicted in Fig. 6 for three
accelerometer combinations: 1) one at each control surface
hinge, 2) one at the front hinge combined with one at the
elastic axis, 3) one at the rear hinge combined with one at the
elastic axis. The corresponding rms gust responses are tabu-
lated in Table 4.

Since there are no right half-plane zeros arising, there is
good robustness recovery for all designs shown in Fig. 6. The
multi-input/multi-output system is, as one might expect,
slightly less robust than the properly designed single-
input/single-output systems. From Fig. 6 and Table 4, we see
that no particular accelerometer placements are superior when
both controls are present. In the work of Ref. 11, the author
has found that when one examines various actuator failure
modes, however, the hinge locations perform somewhat better.

Table 2 rms gust responses at the design velocity
______for trailing-edge control only

Accelerometer position

rms
a
h
PT

Leading
edge
17.7
5.6

30.5

Elastic
axis
9.9
3.1

16.9

Control surface
hinge

1.4
.2.9
2.2

Table 3 rms gust responses at the design velocity
for leading-edge control only

Accelerometer position

Control surface
hinge

Elastic
axis

Trailing
edge

0.095
0.46
0.61

0.065
0.42
0.43

0.35
2.3
1.6

Accelerometer Placement

——— full state

—--- trailing edge
—.— elastic axis

10"1 10° IO1 u 102 IO3 10"
IO1 IO2 IO 3

Fig. 4 Magnitude and phase of C70(y'(o) for trailing-edge control only. Fig. 5 Magnitude and phase of

lo1 io2 io3 10"

for leading-edge control only.
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Accelerometer Placement

——— full state

---- accel. fl
—•—— accel. #2
••••••• accel. #3

a [I + G (jai) ]

Fig. 6 Minimum singular value of return difference matrix for both
leading- and trailing-edge controls.

Table 4 rms gust responses at the design velocity for both leading-
and trailing-edge control

Accelerometer position

rms
a.
h
Pr
PL

Accelerometer
position 1

1.5
2.7
3.4
2.3

Accelerometer
position 2

2.2
2.2
4.6
2.1

Accelerometer
position 3

1.5
2.2
3.2
1.9

Node Location
Let us determine the accelerometer location where transmis-

sion zeros switch from a complex conjugate pair to two
reflexive real roots. This is certainly a critical location con-
cerning robustness recovery. For the trailing-edge control
location only, this can be found by solving for the ^ at which
all four roots of Eq. (10) are zero. This is when the z2

coefficient of Eq. (10) is zero, or

immovable. The author has found this to be the case for other
typical sections similar to the case examined, which implies
that the e.g. could be used as a good indication of the nodal
points in actual sections. The physical explanation for the
phase shift across the nodal point can be readily interpreted in
the following manner. Knowing that the nodes of the section
tend to stay in place, the following can be surmised for the
trailing-edge controller. When the control surface makes a
positive motion, it will force the nose of the airfoil down and
cause a negative (i.e., 180 deg out of phase from the input)
vertical acceleration at points forward of the node. The accel-
erometers aft of the node will see the converse, and hence
have the same phase as the input. A similar argument can be
made for the leading-edge controller. Regardless of where the
actual nodal points are, one would want to be on the mini-
mum phase side and as far from it as possible, in fact at the
two hinge locations.

Conclusions
The following conclusions are based upon the two-dimen-

sional typical section model, and are, therefore, only qualita-
tive in nature. Actual node locations for three-dimensional
wings should be determined with much more complex models
than were presented here. However, the present analysis dem-
onstrates that robustness recovery attempts by loop-transfer-
recovery methods in flutter suppression systems utilizing ac-
celerometers as sensors will likely fail if the accelerometer
placements are such that they result in right half-plane trans-
mission zeros. Proper placement to assure minimum phase
systems are:

1) For systems with one accelerometer and one control
surface, either leading- or trailing-edge, the accelerometer
should be placed near the control surface hingeline for maxi-
mum stability robustness.

2) For systems with both a leading- and trailing-edge con-
trol surface and two accelerometers, robustness is insensitive
to accelerometer placement.

3) The section e.g. is a good indication of the location of the
critical chordwise accelerometer position, where the system
switches from minimum to nonminimum phase.

For the leading-edge case only, we can determine the node by
solving for *?2> where the coefficient of the z4 term in Eq. (11)
goes to zero.
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In the present example, at the design velocity of 750 ft/s, the
nodes are

Certainly, one wishes to remain as far from these nodes as
possible to preclude any switching of the zeros from minimum
phase to nonminimum phase due to model uncertainties.
Thus, for a minimum phase system that is as insensitive to
accelerometer placement as possible, we must place the accel-
erometer at the control surface hinge in each case. Hence, as
shown here, the adage "place your sensors at your control
inputs" certainly is applicable in flutter control by accelerome-
ter feedback.

Since the magnitude of the measurements is small (for
low-frequency inputs at the ^ node, and high-frequency
inputs at the /2 node) at these points, one might choose to
think of these points as inertia! (or "nodal") points that move
very little. Note that these nodes happen to bracket the e.g.
(/= 0.2) location. This certainly matches physically with the
high-frequency case where the mass center would tend to be
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